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FOREWORD

The research was performed upder Program Element 62601F, Project 8809,
Task 04.

Inclusive dates of research were 1 September 1971 through 1 October 1973.
The report was submitted 25 Octcber 1973 by the Air Force Weapons Laboratory
Project Officer, Major Arthur R. Geldbach (SAS).

The advanced computer model QUANTO hias been developed within the Air Force
Weapons Laboratory to study various scenarios involving sea-launched ballistic
missile attacks on bomber air bases. The QUANTO model has been reviewed by
interested Air Staff agencies, the Air Force Systems Command, and the Strategic
Air Command, and is considered appropriate for use in activities relating to
bomber force prelaunch survival. However, prudence should be exercised in its
use, because of its sensitivity and the dynamic nature of the problem.

The basic model was devel:aed by Major Richard Conway. A large portion of
the debugging and exercising o2 the code was done by Mr. Eugene Omoda and Mr.
William., Peay. The assistance if Mr. Harry Murphy in uti'izing the operating
systemi and remote terminal, anc that of Mr. Al Sharp in incorporating the
thermal and overpressure routines into QUANTO were also invaluable in the
development process.

This technical report has been reviewed and is approved.

ARTHUR R. GELDBACH
Major, USAF
Project Officer

.DIMO,3R. CHARLES C. HYRE, JR
% Colonel, USAF Colonel, USAF

Chief, Battle Environments Branch Chief, Analysis Dision
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ABBREVIATIONS AND SYMBOLS

Pk Probability of destroying the target or any single aircraft at
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S Number of missiles on all submarines at point Aa

t Number of submarines at point Aa

Ti Target i consisting of aircraft with value V

Vi Value of the aircraft on target i
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j=1, 2, ... 9 L

f(nij) The objective function to be maximized

SM Number of targets with values Vi
n..j

S.ij Probability of survival of aircraft on target i Orom nij weapons
in weapon group j

N. Number of weapons in group -

Xi %Constants (the Lagrange Multipliers)

h(nij,xj) The Lagrangian function

Xij Variables dependent on n k (k = 1, 2, ... , M) which assist in
determining the Lagrange tiultipliers X. and the optimal laydown
nij

&An The number of weapons shifted with each iteration in the
convergence to the optimal laydown

r(An) A Function representing the kill contribution to the objective
function f(nij) from targets k and m after an weapons are moved
from target k to target m.

min A sucn that niL>. 0.00011, i = 1,2, ... , M

II
vii



AFWL-TR-73-242
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max {A~~i=1, 2, ... 9 MSmz i z

C £ The tolerance used to test for convergence of the Xi.'s in
obtaining the optimal laydown nij

s The number of salvos of SLBMs on a submarine which is a
* candidate for relocation

S• The radial distance of the most distant aircraft from the
centroid at the time of a given weapon arrival

RN The radial distance of the least distant aircraft from the
centroid at the time of a given weapon arrival

AL[for x] The circular lethal area when the detonation point is at
distance x from the centroid

ALAN[for x] The lethal area occupied by aircraft in the annulus with radii
R1 and RN when the detonation point is at distance x from the
centroid

RLR[for x] The distance from detonation point to lethal region boundary,
in a direction away from the centroid

Vi Total bomber value on base i

ViT Total tanker value on base i

SSurvival probability of bombers on target i from one weapon in
weapon group j

SijT Survival probability of tankers on target i from one weapon in
weapon group j

Pk/B Probability of destroying bombers at a target, given that theweapon successfully detonates at the target

Pk/T Probability of destroying tankers at a target, given that the
weapon successfully detonates at the target

R/ The distance from detonation point to the farthest lethal region
R M boundary (for all aircraft types), in a direction away from the

4 centro i
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SECTION I

INTRODUCTION

The theory of the allocation of the sea-launched ballistic missiles (SLBM)

against a force of aircraft flushing from their respective airbases and the

defensive reactions to given threat levels is discussed. The analysis, which

led to the models discussed later, has culminated in a compu 4er program called

QUANTO. The model used in QUANTO has as its inputs latitude and longitude

coordinates of target and submarine locations, aircraft beddowns, aircraft and

missile flight parameters, and aircraft vulnerability levels. Consequently,

the code is useful for studying the effects of variations in a number of

parameters.

QUANTO analyzes three types of problems important to strategic planners:

Case I: Given specific locations (Aa) for a fixed number of attacking

submarines and . specific beddown for aircraft at locations Ti, QUANTO can

compute where the assigned missiles from A should go.a
Case IT: Given specific beddown for aircraft at locations Ti, QUANTO

can optimize the locations for the submarines among a set of candidate locations
A.
a*

Case III: Given specific submai ne locations Aa, QUANTO can optimize
ta

the beddown of aircraft at Ti.

Lagrange multipliers are used in the optimization procedures of QUANTO. A

br ef review of this technique is presentel in appendix I and is intended to

acquaint the reader with the basic mathematics involved.

The QUANTO code has been developed within the Air Force Weapons Laboratory

(AFWL). It was intended originally as a vehicle for increasing the understanding

of the operation of a computer program called COG, which dealt only with Case I

Ias uf May 1971), that was written by the Lambda Corporation (ref. 1). Compared

to other codes, QUANTO permnvits a more detailed and accurate analysis, because

weapons and their detonations are handled individually, rather than as members of
fixed weapon patterns. Studies show that QUANTO produces a considerably better

i.
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allocation than does COG. Further investigation, substantiatec by simulation

of the attack through the use of another AFWL code, supports the assumptions and

models used in QUANTO. Hence, QUANTO provides a means for comparing and evalu-

ating the effectiveness of other weapon allocation codes. More importantly,

QUANTO provides a framework for modification and extension in further studies

of total bomber/tanker force survivability.

A2
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SECTION II

BASIC WEAPON ALLOCATION PROBLEM

In this study, the attacking force of submarines (figure 1) is distributed

among points A a = l, 2, ... , p, where submarines at Aa each carry sa SLBM
S~weapons. At the same time, suppose that the tar-its, Ti, i = 1, 2, ... , M,

have values V. If one were to visualize this engagement as in figure 1, it

becomes apparent that many strategies are open to the a~tacher and defender.
For example, the attacking force could put all missiles on target Ti. On the

other hand, the missiles could be distributed among all targets. As for the

defender, he could place his bombers and tankers throughout :,he target arear

evenly or perhaps all on the same base. The multiplicity of pow.;ibilities

increases with each new missile or aircraft, making hand calculation-. impracti-

cal. The approach taken to solve this problem is to use the method of Ljrange-

Multipliers to produce a near-optimal allocation of SLBMs to targets consist'n3

of escaping aircraft. To construct the objective function which describes thE

expected value killed, one must first develop the survival probability S . for

each weapon. This figure is the probability that a single aircraft, given an

escaping time-dependent pattern of aircraft taking off from the airfield,

survives one incoming SLBM. The probability of kill is then

P= - Si (1)

Suppose now that n weapons are delivered to a target, arid the survival probabil-

ities S. of the target from each weapon, j = 1, 2, ... , n, are independent; then

the probability of destroying the target is

tn

S1 P= l- S (2)

For a system of M targets, each having a value Vi, the expected return from

delivery of all weapons is

3
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MVi I- • jf (3)

J=

where S.. is the probability of survival of target i from weapon j. 1he product

in expression (3) fortarget i includes only those survivabilities correspconding to
the weapons which are aimed at target i. In practice, there are weapon "groups,"

where the weapons in each group are so nearly identical in characteristics and
location that no distinction between them is required for purposes of allocation•.

Hence, in practice, Si. is raised to the nij power, where nij is the number of

weapor; from weapon group j that are targeted against target i. It is easy to

see that the product

n..1

is not changed if the weapon groups j are included for which nij = 0. Conse-

quently, if L is the total number of weapon groups, the expected aircraft kill

may be written

M F L n..1
•=l j=l

Table I clarifies the submarine input parameters used in QUANTO. The table

has six columns, the first of which is submarine locations, given to QUANTO in

terms of latitude and longitude coordinates, surrounding a given target country.
The second and fifth colunns contain the same information and are presented

separately to emphasize the fact that the number of submarines and number of

missiles per group are the same since all the submarines at a given location are

assumed to fire a missile apiece at the same time. Note here that zero sub-
marines are allowed at a given location. In column four the numbering 1 to 4 is

applied to two types of weapons, each of which is restricted to either the
Atlantic or Pacific Ocean. Numbers 1 and 2 may identify weapon types I and 2 in
the Pacific, whereas 3 and 4 may represent weapon types I and 2 in the Atlantic.
Since submarines may be shifted only among locations which have like missile

type identifiers in QUANTO, such a numbering system prevents submarines from

reltcating to a different ocean. The last column is the numbering given to the

5
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Table I

SUBMARINE INPUT DATA TO QUANTO (EXAMPLE)

Number Number
Missiles/ Missiles/ Weapon

Number Sub Type Group Groups
Location Submarines (L = 42) Missile (Nj) (0)

1 1 8 1 1 1-8

2 2 6 2 2 9 - 14

3 0 8 1 0 15- 22

4 4 6 2 4 23 - 28

5 1 8 3 1 29 - 36

6 3 6 4 3 37 - 42

weapon groups. Note here that the numbering in row 2 goes from 9 through 14.

Each weapon group here consists of two missiles in the same salvo since there

are two submarines at this location. Missiles may be placed in the same group

if they have identical trajectories and are launched at the same time from the

same point. Also, row 3 allows for a set of weapon groups even though no sub-

marines are initially placed at submarine location 3 (although there may be
subsequently, if the submarine-p'acement optimizer of Case II is exercised).

The basic allocation problem is to maximize the expe-ted kill given by

expression (4. by sending the missiles to the proper targets. Since the alloca-
tion of missiles to targets is egoressed by the values nij, the prtlem! is to j
find the integer values n.i which result in the greatest kill while satisfying

constraints on the number of weapons available in each group.

6
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SECTION III

USE OF LAGRANGE MULTIPLIERS IN THE QUANTO COMPUTER CODE

1. FORMULATION FOiq SOLUTION

The weapon allocation problem is one of determining the optimal allocations

nii of weapons to targets to maximize the expected kill value

M [ L
f (ni) - . ()

= j=l 3i

subject to the stockpile constraints

M
n.. = N., j = 1, 2, ... , L (6)
i J

where N. is the number of weapons in weapon group j. Fractional allocations in

nij are permitted in the solution of this k'-oblem, but each nij must satisfy

0 <_ nij <_5 Nj (7)

As described in appendix I, this problem gives rise to the Lagrangian function

(Pjx) f(n4j) I L * (8)j=l i )

In seeking the extremum of the Lagrangian function h nijj , the values of

(n1 ij, are sought which satisfy the following necessary conditions for a

solution using this Lagrangian Multiplier technique
L n

S (Zn ) -I -j kj +(
'Va nkL k k  ~j=1 kj 9

k 1, 2, ... , M; 1,2, ... , L

7 ~
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If variable, x (dependent on nkj, j = I, 2, ... , L) are defined as

L n
Ak Vk (n SkZ ri Skk (10)

the system (equation (9)) of (M X L) equations becomes

k = -s, 2, ... , M; z = 1, 2, L

Now fix z and consider the subsystem of M equations

S= -A;

XZ 
2.

S•2£ = 2.( l

X ME-XA (11)

A word is in order concerning notation. In equations (11), x. is one of the

unknown Lagrange multipliers. The variables xkz (k = 1, 2, ... ,M) are computable
if one has the values of nkj (j = 1, 2, ... , L). The technique used for finding
the values of x and nki (k = 1, 2, ... , M; j 1, 2, ... , L) which satisfy the
system (equations (01)) of M equations takes advantage of the fact that all the
X kz should equal the same quantity, namely -A2 . The method chooses values of
nkj iteratively, subject to the constraints, so that the values of xk£ (k = 1,
2, ... 9 M) approach a single value, namely -x.

2. ITERATIVE PROCEDURE

An initial allocation of weapons to targets n.. is input to QUANTO, and the

variables .ij are computed. Suppose for a given weapor, group z that Ak• <

and nkz ?. 0.0001. Then by moving an appropriate number An of weapons in group I

from target k to target m, Xk£ and Amt may be made more nearly equal. Note

8
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that n must be initially positive or there would be no weapons to shift. In

fact, were it not for the restriction that nk• may not be reduced to a negative

amount (I.e., An < nA),k 9A and x could be made equal in all cases. The

value of An which would make the new values of x and A sy xkt and

equal is the value of An which satisfies

V /~~ .kl S S W k
"L Vk (4n Skit) SkO k2 Skk Skn

n I n ml Snm2 S rmt+An S L
m (tn Smt) Sml m.m2 L ... L mi

This may be written as

- - +An
4kR i ki nit nxMESit

Therefore,

An =M (12)
Sn (Skt Smo)

SSince An is not permitted to be so lp.rge that (nkt - ,n) becomes negative, the

actual number of weapons shifted is

t n Z n xk d 'm(.
An minm nk, (13)

This shift of weapons gives rise to a new jij and new Ai. Repeated shifts

ultimately force each pair, X xm), for each weapon group 1, to be equal
(for those targets k and m for which weapons from group I end up being

allocated).

Although the restriction An :!L nkt makes it impossible to force the equality

of every pair Xk• xm), the preceding choice of An does result in the greatest

increase in the objective function which can result from such a shift-of weapons

in group 9, from target k to target m. To see this consider the function

g 9
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Lskl k2kklLr(An)= Vk • S2 ., k ... SkL
k Slk2 kJk

i lnm1 nm Smtnnl+An nmLl

+ V -Sm Sim 2 m ... ... SmL (14)

which represents the kill contribution to the objective function f(nij)

(equation (5)) from targets k and m after An weapons are moved from target k to

target m. The best choice of An is where r(An) achieves its maximum within the

interval 0 <_ An <_ nkV. The unrestricted maximum of r(An) occurs where

d r(An) 0
d(An)=

- i.e.,

r'(An) = m m+An X -kn 0k

or

An* = -n- (15)

in (SkgSmz)

If this value is greater than nk, the constrained maximum of r(,n) occurs at

An = itkV This follows from

r'(0) = ME - A k• > 0

and

r''(An) = m (Zn SkL) SmE+An + .Xmt (Zn Smi) Skj An <0

for all An in the range 0 < An < nk (since 0 _ Si. < 1, tn Si. 0 and .ij Z.0

for all i, j). Thus, r(an) appears as in figure 2 or figure 3. Note that the

curvature is always downward and that the maximum occurs at the point An*. If

the situation of figure 3 occurs, it is impossible to choose An = An* to force

X kz and XmE to be equal. Consequently, equations (11) will not be satisfied.

However, the optimal value of f(nij), where the n i are constrained by equation

10
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f r

Figure 2. Constrained Maximum Figure 3. Constrained MaximumS•An* nk An* > nk

(6) and equation (7), is still found due to the preceding comments concerning

r(An). Thus, the Xij's merely serve as a means of adjusting the nij's to

approach optimality. The optimal nij are, of course, nonintegral and, therefore,
not physically possible. Consequently, the optimal nonintegral allocation is

integerized to give an integral allocation which satisfies the constraints.
.- This integerizacion is performed for each weapon group j by rounding those ni.'s

with the largest fractional parts up and rounding the remaining n 's down. Of
iji

course, the constraints

n.. Nj

(in which the N.'s are integers) are satisfied by the real nij s before integeri-

zdtion and must be satisfied by the integer ni 's also. Therefore, the number of
ni .s rounded up is determined so that, for each weapon group j, the sum of those

13
ni-'s rounded uD and those rounded down equals N. In practice, the expected

IJ 'I
kill resulting from this integerized allocation is not significantly different

from the expected kill computed fromn the nonintegral allocation, since the dif-

ference in kills is usually only a fraction of an aircraft. Integerization of

the optimal nonintegral allocation need not produce the optimal integral alloca-

tion, but it does produce at least a near-optimal integral allocation, with the

difference in kills being the upper bound of how far from optimal the kill of
£. the integerized allocation could be.

SIt has been indicated tcw nkL and n may be adjusted to increase the

expected kill value when A,, < Xm, and nk• .0.0001 for some weapon group k.ki 0-000
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In practice, • tolerance level, c, is set in QUANTO, so that convergence is
said to occur when Amz - £ S A•k z .  m9 for all nkt .0.0001 for all values of x,

where Am9.  max 1xid, (i 1 1, 2, ... , M).

Specifically, the weapon group Z, upon which each allocation adjustment is

based, is selected in a cyclical manner. The firs* allocation adjustment is

made within weapon group one (z = 1) if xk9 < 'm 9 - e where

Xkz= m'in {i. such that niz Z.O.O0001, i = 1, 2, ... , M (16)
i

and

X max {i i 1, 29 ... , M (17)

If this situation does not exist for I = 1, successive weapon groups are
inspected in sequential order until one is fou•nd in which the highest XiZ exceeds

the lowest xi, with a corresponding positive allocation (nik 2 0.0001) by more

than the tolerance e. Successive allocation adjustments are accomplished in a

repeating cycle through the values of z (i.e., 1, 2, ... , L, 1, 2, ... , L, 1, 2,

... ). Convergence occurs when all weapon groups are inspected without finding

one which initiates an allocation adjustment. In practice, the Aij matrix if
first converged to a tolerance of e = 0.1, then c = 0.01, then c = 0.001 and

so forth, with the final tolerance under the control of the user. This process

results in a faster overall convergence to the final tolerance level. An

additional cutoff of the convergence occurs if a given number (sp,.cified by the

user, say 100) of allot-ation adjustments are performed without increasing the
kill value above some user-selected amount (say 0.01). The user may also

simply specify a maximum number of allocation adjustments to be made.

The iterative procedure is illustrated in the flow chart of figure 4, with

several ,,Jditional details appearing in the figure. When Ak < Am9. - c is fgund

for some weapon group t, An must be computed. When only one type of aircraft is
considered in the model, an is computed according to equation (12). However,

when more than one type of aircraft is conzidered, An must be computed by a

Newton iterative procedure, described in the mixed force allocation problem

discussed in section VI.

12
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The amount of output mnay be controlled to some extent by a control variaie

set by the user. Output on each iteration may be suppressed and only a limited
S output obtained after a "subgroup" of iterations. if the expected kill has not

increased significantly for the subgroup of iterations, the procedure is termin-

ated. Two other conditions may terminate the procedure, as shown in figure 4

and previously described.

3. OPTIMIZATION OF SUBMARINE LOCATIONS IN QUANTO

In the weapon allocation problem, the Lagrange multiplier x. represents the

shadow value associated with weapon group j. In notation

Ah Z. 0 (18)
.N

where h(nij, Aj) is the Lagrangian function. Therefore, increasing N. has the

instantaneous effect of permitting an increase in h (and, therefore, f) at the

rate of -A. units of f per unit of N. Thus, one can get some feel for the

value of an additional weapon in group j ob observing the magnitude of X .

A heuristic rule has been used in QU!.NTO to relocate submarines among the

input candidate submarine locations so as to improve the expected kill value.
The value of a submarine at a given location bears some relation to the magni-

tudes of xki for those weapon groups j corresponding to salvos from a submarine

at that location. A submarine locFtion input to QUANTO is 1haracterized not

only by its geographical coordinates but also by the type of submarine (and

its number of saivos, s) which can be located there.

For each submarine, the quantity

SAkj

ii

is calculated where the sum is over the s values of j corresponding to that

, ubmarine's salvos, and each

Sk min XiA such that nij 2.0.0001, i = 1, 2, ... , M

for each weapon group j at that submarine's current location. Similarly, for

every other location at which that submarine can operate, the quantity

14
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is calculated, where

Am: max X i : 1, 2, ... , MJ ij

with a view to pDcssibly moving the submarine to a location where it can be

expected to kill more value. When there are several types of submarines, the

type of submarine moved is the one having the largest average difference

Xmj - A k kj such that nkj 0

Within this submarine type, the submarine relocated is the one corresponding

to the lowest quantity

X Akj

and it is placed in the location having the highest value of

mj

Relocation of a submarine in QUANTO is accomplished by moving the s missiles
on that submarine to another location. Consequently. nij is increased by one

missile in the s weapon groups j corresponding to the submarine location to which

that submarine is moved and those additional SLBMs are assigned to targets i
having the largest value xi (for each j). Similarly, for the s weapon groups j
from which a missile is removed, nij is reduced for the targets i corresponding

to the lowest xij's until a total of one missile is removed from each weapon

group. In this way, a rational guess is made at where the missiles from the

relocated submarine should go in order to obtain an initial allocation prior to

re-entering the laydown optimization procedure.

This submarine relocation process in no way guarantees an increase in value

* killed. This is because the relocation is accomplished by moving an integral

number of missiles, not a An computed to maximize kill. Also, s missiles (not

just one) are moved before the are recomputed from the new ni's.S•ij

15
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Although the heuristic rule does not always increase the kill, experience
with the procedure reveals that the kill usually increases with every more until

a decrease occurs, after which the kill varies with additional moves without

significant gains or losses. Consequently, submarine moving is terminated in

QUANTO after the first move which results ir a decreased kill.

4. BEDDOWN OPTIMIZATION

A heuristic routine for shifting aircraft from base to base has been supplied

in the QUANTO weapon allocation code with the intent of determining better air-

craft beddowns for a given positioning of submarines. The procedure shifts air-

craft from the base having aircraft value greater than 0.0001 with the lowest

survivability product

L nij

j=l si

to the base with the highest survivability product, provided the losing base

starts with an aircraft value greater than 0.0001. Otherwise, the survivability

products are inspected in ascending order until a corresponding aircraft value

greater than 0.0001 is found, and the corresponding base is selected as the

losing base. The amount of value shifted is the nonintegral product

L n - ski

AV=V [ mj n jS kj (19)
k 1Smj j=l k

where bases m and k are those having the highest and lowest survivability prod-

* ucts, respectively, where Vk > 0.0001. If Vk < 0.1, then all the value Vk is

moved from base k to base m regardless of the AV computed.

A with the heuristic submarine relocation routine, each shift of beddown

value in accordance with the above formula does not guarantee a decrease in the

overall expected kill value, although the general trend is toward a lowering of

the kill. Occasionally, an overall kill increase may occur as the result of

individual shifts considerably before the process has exhausted the gains to be

imade in aircraft surviving. The shifting of value terminates if the value AV

to be moved is less than 0.05 (specified by a program statement), at which point

the survivability products have essentially converged and the beddown is not

changing significantly.

16



AFWL-TR-73-242

Shifts of aircraft do not cause a recomputation of the srvivabilities Si.
13

in QUANTO, since only rarely does che computed survivability depend upon the
number of aircraft present at the target. The methods of computing the surviva-
bilities S.. are described in the next section of this report.

13

If both beddown optimization and optimization of submarine locations are
requested by the user of QUANTO, the beddown optimization is performed last. Of
course, if the user wants th2 submarines to have the last move, he may request
beddown optimization only, and in a subsequent run, input the optimal beddown
and request submarine optimization.

The beddown optimization procedure shifts nonintegral numbers of aircraft,
and thus results in a beddown which has fractional numbers uo aircraft at the
various bases. After the terminatinn of aircraft moves, the beddown is inte-
gerized along with the missile laydown and the results are output. Integeriza-
tion of the bcddown has the effect of increasing the kill by a negligible amount
over the expectea kill computed on the basis of nonintegral beddown.

The following discussion, in the form of a critiqued proof, is presented as
a partial justification for the heuristic rule for improving the beddown.
Suppose (V1 , V2, ... , Vk, ... , V, ... , VM1 represents the values of the aircraft
bedded down on the M bases for which the optimal missile laydown is [nij] and

L n L n.
ri Skj< rl S (20)

j=l j=l J

Next suppose the beddown is changed by subtracting some small value c > 0, from
Vk and adding e to Vm. Thus, (V1 , V2, ... , Vk - , Vm ÷ •, ... , VM)

represents the new beddown, and the new optimal laydown [Aij] could be determined.
The new value surviving in the new beddown is then

M L nL L n
New Surviving Value = S Vi n . C ri smj r s kj (21)

i= =1 j= j= k

Now if c is sufficiently small, it is reasonable to exiect that [nij] is close
to [nij], so that

17
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L L nk L nm L n
n mi L Ski kj. mj n j kj

j=l sm j=l j=l mj j=l Ski

Therefore, for some choice of c

M L n
New Surviving Value > F Vi Si3 (22)

1=l j=l 13

Furthermore,

M L M L Old Surviving '$alue (23)

i=l J=l i=l 1 1

since [nij] is the optimal laydown for the old beddown (Vi) and therefore
minimizes the survivors. Consequently, a shift of value (sufficiently small)
from base k to base m, when

L im. L nkj
1 Smj > I kjj=l j=1

result. in a reduced expected kill. Note that this proof does not indicate the
best amount of value e to shift, but Merely that value should be shifted to
bases having high survivability products from those with low products.

5. LETHAL AREA DETERMINATION

The determindtion of lethal area (i.e., the region within which aircraft
are destroyed) resulting from a nuclear weapon detonation is an integral part of
th. QUANTO code. The lethal areas are required in the computations of the
survivabilities, Si, of aircraft flushing each target area. This subsection
discusses the assumptions, assertions, models, and methods used in the lethal
area determination.

The nuclear environment created by the detonation of nuclear weapons is
discussed in AFSCM 500-1. This section is concerned with the fireball effect

(thermal) and the blast (overpressure) effect which are considered to be the
only two structural kill mechanisms which can destroy an aircraft for this model.

18
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A superheated region, the fireball, cools while expanding and radiates thermal

energy (heat). At the expanding edge of the fireball, tremendous pressures are

k created and form a shock front. The shock front propagates approximately

spherically at supersonic speeds and produces a crusning overpressure force with

accompanying gusts of dynamic forces. The thermal energy effect is measured in

calories per square centimeter (cal/cm2 ), and blast effects in pounds per square

inch (psi).

Mathematical niodels are availble to study the thermal and blast effects.

k •Computer codes for these models require many hours of computer time; consequently,

the precise codes are not suited for systems analysis or war games. Reliable

models based on the precise hydrodynamic and radiation hydrodynamic models have

been developed, tested, and improved by the Air Force Weapons Laboratory. Code.;

for these models require only milliseconds of computer time and, therefore, are

suitable for systems analysis. The computerized versions of these codes bear

the names SABER and SNAPT, and are used to approximate the blast and thermal

envi ronments, respectively.

4 The Systems Analysis Blast Environment Routine (SABER) hL been modified to

determine only the ranges of given levels of overpressure and the times of shock

arrival at those ranges. This is a restricted use of the multipurpose program.

The modified version is called SABERCM. Inputs, in addition to specified peak

overpressure, are nuclear weapon yield, height of burst, terrain height, and

aircraft altitude. Outputs are overpressure range and time of shock arrival.

SNAPT is a computerized model which can be used to calculate the free-field

thermal energy resulting from the detonation of a nuclear weapon or to calculate

the range at which a given level of free-field thermal energy occurs. SNAPT has

been modified to perform only the latter calculation as a subroutine naned

SNAPTCM. Necessary input data, other than the free-field energy level, consist

of nuclear weapon yield, height of burst, terrain height, aircraft altitude, and

pertinent atmospheric conditions. The atmospheric parameters include haze layer

height, water vapor pressure, ground reflectance (albedo), and visibility. The

horizontal range at which the desired free-field thermal energy level occurs is

output from SNAPTCM.
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The cookie-cutter assumption has been made to distinguish between rEgions

of lethality and nonlethality to aircraft. For these purposes, aircraft vulner-

ability levels for the thermal and overpressure kill mechanisms are specified

in cal/cm2 and psi, respectively. Under the cookie-cutter assumption, aircraft

are assumed to be killed if either specified vulnerability level is exceeded,

and safe otherwise.

Vulnerability levels are input to the nuclear routines along with atmospheric

conditions, terrain height, and weapon characteristics in order to calculate the

lethal nuclear environmental ranges fot- a fixed height of receiver. A point of

detonation is first specified for each missile at each potential target, based

upon where the aircraft from that airfield are located when the missile arrives.

The routines SABERCM and SNAPTCM require a height of receiver to compute the

horizontal ranges of the lethal nuclear environment. The heiqht of receiver is

taken as the altitude of the aircraft, according to its flight profile, at the

time of weapon detonation (relative to the brake release tim.e). This is equiva-

lent to slicing the spherically propagating shock front (or overpressure contour)

and the thermal contour with a plane parallel to the ground at a distance above

the ground equal to the altitude of the aircraft at the above. This horizontal
plane, called the lethal plane, is the geometrical structure in which the deter-

mination of lethal area is accomplished.

The general appeararce in the lethal area plane of the overpressure and

thermal contours, at the lethal levels specified by the vulnerability levels and

relative to the other input data, is that of two concentric circles centered at

the perpendicular point projection of the burst center onto the plane. Figure

5 depicts the intersection of the lethal area plane with the letnal overpressure

contour. The horizontal range associated with the lethal overpressure contour

is the lethal overpressure rddius, and is measured from the perpendicular point

projection of the burst center onto theplane to the lethal overpressure contour.

Similarly, the lethal thermal radius is that horizontal range associated with

the lethal thermal contour. Thus, the nuclear routines are used to compute the

lethal contours needed to compute lethal area.

The orientation of the aircraft is not considered in computing the horizontal

ranges associated with the overpressure or thermal kill mechanisms. The lethal

thermal radius is computed under the assumption that the aircraft is oriented

20

Al'4



AFWL-TR-73-242

LETHAL OVERPRESSURE
CONTOUR

ACHEIGFHT

HEIGHT F/ F
OF BURST

OF LETHAL AREA PLANE URAIRCRAFT

TERRAIN HEIGHT

SEA LEVEL

Figure 5. Lethal Area Plane Intersecting Overpressure Contour

so as to receive the maximum amount of thermal energy. Similarly, the fact
that the aircraft is better equipped to withstand tne overpressure shock front
in one position, as opposed to another, is also not taken into account in the

computation of the lethzl overpressure radius.

The lethal radii which are outputs from the nuclear routines are computed
for a stationary receiver (aircraft). Thus, the lethal contours defined by the
lethal radii must be adjusted to account for a moving aircraft. This is
accomplished in the lethal area plane.

The letha -a (within the lethal area plane) resulting from the detona-
tion of a nuL.. weapon is that area within which the aircraft cannot survive
if located there at the onset of the detonation. Tabulated data for the air-

craft flight profile is used in conjunction with the distance to the certroid
(defined in section V, fifth assumption) to transform the lethal overpressure
contour in the lethal area plane into a locus of points describing the boundary
of the area reflecting aircraft kill from overpressure. The lethal thermal
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contour remains unchanged since the thermal energy propagation time is negli-
gible. The entire process of lethal area determination takes place in the

lethal area plane.

A top view of a typical lethal area plane containing a lethal overpressure
contour, a lethal thermal contour, and a centroid (designated by an asterisk)
is offered in figure 6. The lethal overpressure contour is represented by the
dashed-line circle, the lethal thermal contour by the solid-line circle, and
the perpendicular point projection of the burst center onto the lethal area
plane by the svmbol X. The remaining task is to adjust the overpressure contour

to account for the movement of the aircraft.

LETHAL AREA PLANE

LETHAL THERMAL CONTOUR

CENTROID

*x
LETHAL OVERPRESSURE CONTOURO /

Figure 6. Top View of Lethal Area Plane

Points lying on the lethal overpressure contour are used to determine the
boundary for the overpressure lethal locus, that is, the lethal area at the
onset of the burst associated with the overpressure kill mechanism. The air-
craft are assumed to be emanating radially from a point called the centroid.
The points on the lethal overpressure contour are backed up radially toward
the centroid by the distance flown between detonation and the arrival of the

shock wave at the overpressure contour. This distance is obtained by inter-
polation from the distance/time coordinates representing the aircraft flight
profile. This radial translation of the overpressure contour toward the
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centroid usually results in a petal or egg-shaped overpressure lethal locus as

shown in figure 7. More complex shapes may result when the centroid is within

the lethal overpressure contour.

OVERPRESSURE LETHAL LOCUS

CENTROID* +

LETHAL OVERPRESSURE CONTOUR-/

Figure 7. Overpressure Lethal Locus

The overpressure lethal locus encompasses the overpressure kill region at

the time of detonation under the cookie-cutter assumption for a moving aircraft.

An underlying assumption is that the aircraft maintains radial flight from the

centroid. Since the aircraft is constrained by the aircraft flight profile, if

within the overpressure lethal locus at the onset of the burst, it Will be inter-

cepted by the s;upersonically propagating shock front at a higher level of over-

pressure than it can withstand. A possibility exists that the aircraft could be

located within the lethal thermal contour, as well as within the overpressure

lethal locus, at the onset of the detonation.

The overpressure lethal locus is combined with the lethal thermal contour to

produce the boundary of the lethal area. Figure 8 gives an example of a lethal

circle/petal area with respect to a moving aircraft. Numerical integration is

used to compute the area within this lethal region.
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CENTROID

*£

Figure 8. Lethal Area for Moving Aircraft

6. DETERMINATION OF SURVIVABILITIES

The values Sij, which appear in the objective function (maximizing the

expected value killed), must be computed for each weapon in group j against each

target i. Assuming that the aircraft at each target are uniformly distributed

over some area at each weapon arrival time, the probability of kill, Pk' of

each aircraft at that target is the quotient of the lethal area divided by the

area in which the aircraft could be located when the weapon arrives. In this

report, the Pk will be defined as the probability of kill given that the weapon

successfully detonated at the target. In QUANTO, reliability factors are given

for each misbile type for the probabilities that (1) the missile is successfully

launched, (2) the missile successfully reaches the target, and (3) the warhead

successfully detonates. The overall reliability of a missile is the product of

these three reliabilities. The survivability of a target from a single weapon

is then

Survivability = 1 - Pk * (reliability)

The Pk of edch weapon versus each target is computed from input data in

QUANTO. Initially, the arrival time of the missile on the target is computed.

Time zero is the time at which all of the first missiles from each submarine are

simultaneously launched. Subsequent salvos from the submarines are launched

after time zero, as determined by the salvc number and the missile launch
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interval. The flight time of a missile to a given target is interpolated from
input distance/time missile trajectory information after the distance from launch

point to target (i.e., the coordinates of the base) is computed. The arrival
time of the weapon on the target is the sum of the launch time and the flight
time. [

iihe location of the aircraft at the time of weapon arrival may be computed
from the input aircraft flight profile and the brake release times. The air-
craft are assumed to disperse radially from a single point, called the centroid.
Unless aircraft a.e assumed to be departing in both directions from a base (from
dual runways, for instance), the centroid will not be on the runwi.y, for the
centroid's location is a function of the time it takes an aircraft to raise its
gear anc flaps, reach a turn altitude, etc., and then make a turn to its fly-out
direction. The distance an aircraft will be from the centroid at weapon arrival
time is computed by (1) subtracting the brake release time from the weapon
arrival time to obtain the time the aircraft has had to escape before the weapon
arri\.,ý, (2) interpolating in the aircraft flight profile to obtain the distance
the aircraft has traveled from brake release, and (3) subtracting the distance
from brake release to centroid from the total distance traveled. The distance
to toe centroid from brake release point is input for each target. In this
manner, QUANTO computes:

R= the radial distance from the centroid of the

first aircraft at weapon arrival time

and

RN = the radial distance from the centroid of the
last aircraft at weapon arrival time

If an aircraft has either not begun its takeoff or not reached the centroid,
its radial distance from the centroid is set to zero. The intent here is to
treat all aircraft which have not reached the centroid as essentially undis-

persed aircraft which can be targeted with a single SLBM.

The area of kill generated by a warhead detonation for aircraft of a given
type is dependent on many parameters, as described in the preceding section of
this report. Many of these parameters are needed to describe the nuclear
environment and are directly supplied by user inputs. First, the horizontal
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ranges are determined at which a stationary receiver would experience a lethal

overpressure or thermal effect. Then the assumed detonation point of the SLBM,
the aircraft climb profile, and the distance from brake release point to the

centroid are used as described in •he previous section to determine the shape

of the circle/petal thermal/overpressure lethal area at detonation time, thus

taking into account the moving receiver (aircraft). The lethal area varies
somewhat with the distance of the detonation from the centroid, because the

aircraft are at different altitudes and velocities at different points in the

climb profile. Hence, an approximation must be made of the lethal area used in

the calculation of Pk' and QUANTO must make some assumption about where the

weapon might land without having determined yet how many total SLBMs will be

allocated to the target.

QUANTO assumes that the attacker can compute RI, assuming a certain brake
release time, and accepts this as the farthest distance that the first aircraft

on a base can achieve by weapon arrival time. However, although the attacker

might also be able to compute RN based on the stipulated aircraft takeoff

intervals and brake release time, he would realize that unanticipated delays

could occur (in detection and warning of attack, etc.) and might consider it

equally likely to find aircraft at any point within the circle of radius Ri.

Consequently, QUANTO attacks that area, in general, with a uniformly dense

distribution of weapons. Thus, an average weapon might ]and at a distance

(R]//M) from the centroid because a circle of radius (RI/IV) contains half the

area within the circle of radius RI. One benefit of this uniform attack is

that a dela-: in the brake release time will not significantly decrease the

expected kill and may result in a large increase in kill. When the SLBM deto-

nates at distance (R1/1') from the centroid and the entire lethal circle/petal

area falls within the circle of radius RI, the Pk is simply

- AL [for R//v7]Pk = T
hR12

where

AL [for Rl/2j (24)

indicates the lethal area when the detonation point is at range (R, /V") from the

centroid. This situation is illustrated in figure 9.
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X 4i Shaded area = AL [for RY/l/r

Figure 9. Detonation Point at R //2

The use of equation (24) results in an overestimate of the expected kill of

aircraft in the case of very few aircraft on a base and a lethal area which is

Sa large portion of the circular area HR12. With few (or one) aircraft, RN ay

be only slightly less than (or equal to) R1 . This situation is shown in figure

10 for the lethal area labeled A. In this case, equation (24) predicts a large

percentage of the aircraft killed, although when the brake release time is

certain, no kills result. To guard against this possibility, the attacker

would wish to reduce his estimate of Pk in allocating his attacking weapons.

One way in which he could do this would be to replace the procedure of the

previous paragraph with one in which the weapon was placed at distance

(R, + RN)/2 from the centroid, assuming tte aircraft were uniformly distributed

throughout the annulus of radii R1 and RN. This Pk is the shaded area within

the circle/petal labeled B in figure 10, divided by the annulus area I(R 1 2 - RN-2)

The shaded area within B may be approximated by considering the circle/petal B

as a circle of equivalent area centered at (R1 + RN)/ 2 radial distance from the

centroid, and computing the area within both the equivalent circle and the

annulus thickness. This latter common area, which will be labeled ALAN [for

(RI + RN)/V2 may be computed from closed-form geometric expressions. The

single aircraft sitiitioi is handled in this manner by artificially setting

RN = R1 - 0.01 so that the annulus has a small positive area. The Pk formula

thus becomes

A [ftor R./ ALAN or (Ri + RN/

Sk min 2 (24)
SR 1  R2 R RN 2
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R1 +RNT2

Figure 10. Lethal Area Detonation Illustration

The use of this formula, when the second quotient is the minimum of the two,

encourages OUANTO to allocate a second weapon to the target since the first

weapon's Pk is lowered.*

As shown in the previous figures, the thermal lethal circle usually extends

farther from the centroid than does the overpressure lethal petal. Likewise,

when the SLBM detonates at the centroid, the thermal circle usually extends

farther from the centroid than does the region of overpressure kill, which in

this special case is also a circle. "Usually" in this context means for those

coinbinations of flight profile and overpressure/thermal vulnerability levels

nornally of interest. However, for some hardness levels and aircraft flight
profiles, the region of overpressure kill may totally encompass the thermal

lethal circle.

The farthesz reach of the lethal region in a direction away from the centroid

becomes a concern when Ri is small enough that the lethal area may protrude

beyond R. for a given weapon placement. When the lethal area so protrudes, the

*The validity of the metod implicit in the second term, and indeed of the
whole procedure in equation (24), has been confirmed by comparing answers
obtained from QUANTO with those obtained using a Monte Carlo simulation
model.
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first expression competing for the minimum in equation (24) is in error because

the aircraft cannot be located in the protruding portion of the lethal area.
To handle these cases, the weapon is assumed to detonate at a position for

which no protrusion occurs, if possible.

Therefore, QUANTO computes

RLR [for R1 /2] = the distance from detonation point to lethal

region boundary, in a direction away from the

centroid, for a detonation at distance

S(Ri/M from the centroid.

It will usually be true that

RLR [for R1 - RLR ffor R1//21 RLR [for R1//fl

i.e., RLR varies little as the detonation point - adjusted co avoid protrusion.

Now, if

Rl ._ RLR [for 0], then QUANTO sets Pk = 1

But if

Ri > RLR [for 0]

and

(RI/) + RLR [for R1/•"] > R, (i.e., the lethal area

protrudes beyond R1)

then QUANTO computes the P as

AL [for R1 -RLR [for RI/I2f] ALAN [for (R + RN)/2]
P =mrin ,(25)

II R1fl(R 12- (22)

where the first quotient assumes placement of the weapon at

(R RLR [for R1//])

in order to avoid protrusion.
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Thus, the complete formula for Pk is

1 1 f RLR [for 0)

A or R1 R r for (R1 + RN)/2
AL IfLRfor AV1] LANII

min ( HR 1
2  RI2 - RN2 )

if R1 > RLR [for 0] and R/v'2 + RLR [for R,/ ] > R

(AL [for R1/Y/] ALAN [for (Ri + RN)/2]

min - otherwise (26)
11 R R2 n( R2 - R2N2

It may be noted in the above formula that the weapon placement may be at dis-

tances from the centroid of 0 (when Pk = 1), R1 - RLR [for R1/iT], (R1 + RN)/ 2 ,

or RI/V7. This will be of concern when more than one aircraft type is considered

in the model.

SIt should be noted that these formulas for Pk are inaccurate when the dis-

tribution of aircraft is far from uniform over an area, as might be the case if

a number of aircraft had not left the base by the time of a weapon arrival.

This situation will not occur if the aircraft beddown is a rational one, intended

to prevent mass kills by single weapons. Because of the assumption of uniform

distribution of aircraft, QUANTO will underestimate the aircraft kills in these

situations. However, a simulation program may be used to discover if such

conditions exist and to estimate the resultant kills.

If the aircraft were actually uniformly distributed over the areas assumed,

the actual Pk values (and, hence, Sil values) realized by the allocated weapons

would not agree exactly with those computed by formulas (23) and (24). This is

due to the impossibility of determining the realized lethal area sizes before

determining the number of weapons (and, therefore, the precise placement of

weapons) on each target. The comiputed weapon allocati(.n is optimal for the P
values computed. However, the plus and minus errors between realized and
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computed Pk's for individual weapons tend to balance out to a small overall
error when summed over all the weapons. This is because the computations of

P s are based on an average placement ot each weapon on each target.

It has been assumed that the survivabilities Si. are independent. Thus, no
weapon on target i can cause collateral damage on aircraft from another base,

and the area purged of aircraft by a detonation can become populated to an equal

aircraft density by other aircraft before the next weapon arrives. Detailed
base-by-base simulation of the attacks produced by QUANTO has shown that the

actual resultant kill (output from the simulator) is not significantly different
from QUANTO's predicted kill.
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SECTIONS IV

THE COMPUTER PROGRAM

Figure 11 shows, in general terms, the operation of QUANTO. After the data
for the problem is input, areas of lethality and the survivabiiities S.. are

13
computed. The optimal missile laydown nij is then determined. QUANTO will then

relocate a submarine to a better position, if the user has requested submaribae

optimization, and recompute the optimal nij for the new positions of the sub-

marines. 'fter sutmarine optimization is completed, aircraft may be relocated

to improve the number surviving, with nij recomputed following each shift of

aircraft. When beddown has been optimized, the optimal nonintegral Vi and nii

are integerized and final output is produced.

Figure 12 indicates several additional details of QUANTO. The criteria for

terminating submarine optimization and beddown optimization are indiceted in

test blocks. A mode parameter, inpu~t on the first data card of a problem deck,

conItrols from whence input is taken and how much of the program is executed.

Table II described the mode options. These options permit the user to observe

partial computations for validity without risking a large expenditure of

computer time.

The principal subroutines ., QUANTO (QUANTO being the name of the main

program) and their functions are listed in table III.
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•v

REA

iOREAD NEXT

YES

TEST MODE =2

0Z iREAD RESTART INFO
FROM TAPE

INPUT DATA FROM DECK
OUTPUT DATA AND COUNTS

PROCESS AIRCRAFT FLIGHT

AND NUCLEAR EFFECTS ;NFO.

YS MODE= 0P

COMPUTE SURVIVABILITY OF EACH

INITIALIZE COUNTERS AND VALUES
INPUT FIRST ALLOCATION

2

Figure 12. Detailed QUANTO Flow Chart
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Table II

MODE OPTIONS

Mode QUANTO Operations

0 Input all data except convergence parameters and initial

allocation nij from cards.

Terminate problem after computing nuclear effects and

constructing flight profiles.

1 Input all data from cards.

Terminate after computing survivabilities Sij and kills

resulting from initial allocation.

Write information for automatic program restart on tape.

2 Input all data (except parameters on first card) from

restart tape.

Terminate problem computations prior to completion only

if the time limit for processing is reached, at

which time a restart tape will be written.

3 Input all data from cards.

Terminate problem as for mode 2.
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TI

Table III

PRINCIPAL ROUTINES AND THEIR FUNCTIONS

Routine
Name Description

QUANTO Main Program.

QUANTO reads the input data, either from cards or from a restart

tape, as controlled by the mode parameter on the first input

card of each problem deck. The data describing the problem

are printed, and if the data are read from cards, a summary of

the input data is also printed. The aircraft profile and

parameters affecting nuclear effects are not read by QUANTO,

but by PROCESS, called by QUANTO.

Computations of survivabilities Sij are performed mainly in QUANTO.

DETAREA provides QUANTO the necessary lethal areas, but QUANTO

computes flight times and distances and the resultant set of
Pk and S.i values, with the help of interpolation, look-up,

and distance computational routines.

After input of the initial allocation, QUANTO controls the sequenc-

ing of operations in the iterative procedure for optimizing the

missile laydown. When provided &n by ADJLAM, QUANTO recomputes

nij, Sijp ij" and f(nij). Control of the iteration cutoff and

intermediate output is accomplished in QUANTO.

Relocation of aircraft is completely performed in QUANTO, but

QUANTO calls other routines for submarine optimization and

integerization of laydown and beddown.
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Table III (cont'd)

Routine

Name Description

PROCESS Called by QUANTO.

PROCESS reads aircraft profile data and nuclear effects parameters

from cards for each type of aircraft. PROCESS generates dis-

tance/time coordinates for each aircraft for the specific

altitude of level-off. The input data, as well as the generated

distance/time coordinates, are output. If the lethal over-

pressure and/or thermal radius and the time of shock arrival are

not present in the input, PROCESS computes these values for the

yield of each type of missile. The nuclear effects information

is summarized in the output from PROCESS.

DETAREA Called by QUANTO.

From given aircraft profiles and geometry of flyout and detonation,

DETAREA computes the lethal area with respect to the moving air-

craft, i.e., the circle/petal area describing the thermal/

overpressure kill region.

ALOUT Called by QUANTO.

ALOUT produces a list of the allocation nij in two formats. First,

by target: the missiles allocated to that target are listed in

order by submarine number and salvo number within the submarine.

Second, by submarine: the missiles are listed in order by

salvo, together with the targets to which they are allocated.
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Table III (cont'd)

Routine
Name Description

PLINr Called by QUANTO.

ALINT integerizes the allocation matrix n This process is not a

simple rounding of the nonintegral nij values, but an assignment

of integral values to the highest fractional parts so as to
M

make z ni = N. for each j.
i' i 13 J

VINT Called by QUANTO.

VINT integerizes the beddown values V i in a manner similar to ALINT.

TGTKIL Called by QUANTO.SL nij (for eachTGTKIL computes the survivability products HL Sec

j=l 1

aircraft type), the Xij values, the number of aircraft killed

at each base, and a rough idea (obtained by rounding nij values)

of the number of weapons allocated to each base.

ADJLAM Called by QUANTO.

ADJLAM finds An by first finding

= min i such that nix L 0.00011 i = 1, 2, ... , M, and

S~i m = max P~i{d i = l,2 .. ,M such that Xkt < '•mt " £

for some weapon group z and some tolerance c. Then ADJLAM

either computes the proper allocation adjustment An to force

the value of Akv toward the value of x (for the single tWpe

aircraft model) or calls the function XNEWT to compute An (for

the .nixed force model). Tallies of weapons allocated to each

* ;base are updated after the change of ni. by the An adjustments.
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Table I!! (cont'd)

Routine

Name Description

SUBADJ Called by QUANTO.

SUBADJ locates the least effective submarine and the submarine

location with the most potential, as described in the test on

submarine optimization. The submarine is relocated to t .e

better position and its missiles are allocated to bases having

high xij values, as described in the text.

XAREA Called by QUANTO.

XAREA computes the area of intersection of a circle and an annulus,

under all conditions of annulus radii, circle radius, and

offset of circle center.
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SECTION V

ASSUMPTIONS

In this section, The principal assumptions in QUANTO are described and are

briefly discussed.

Assumption: All input SLBMs are used against aircraft, i.e., the attacking

force decides what portion of its SLBMs to use against the flushing aircraft

force prior to running a problem and the SLBMs in QUANTO represent that portion.

Of course, for each submarine, only a partial load of missiles need be input for

a problem.

Assumption: The survival probabilities, S i, are independent. No collateral

damage may affect an aircraft departing one base as a result of a detonation of

an SLBM allocated to another base. Furthermore, the effectiveness of a weapon

in group j on base i is measured by S i, a numerical quantity which is independ-

ent of the number of weapons which have previously arrived or will subsequently

arrive. Stated differently, the area in which aircraft may be located at the

time of a later weapon arrival is not considered to contain voids left by pre-

viously arriving weapons. Detailed Monte Carlo simulation of QUANTO-produced

attacks shows that QUANTO's predicted kill (using such Si. values) is close to

the actual kill resulting from the simulation.

Assumption: Thermal and overpressure effects have lethality according to a

cookie-cutter criterion. In other words, an ai-craft with hardness of x psi and

y cal/cm2 is killed if it experiences either of these levels or higher, but is

safe from (x-c) psi and (y-c) cal/cm2 for any c > 0, no matter how small.

Assumption: At all times, aircraft are uniformly distributed within a maxi-

mum circte, defined by the first aircraft's range, the area of which is contin-

ually increasing with time. Thus, the survivabilities S.. are computed assuming
13

the attacker will pattern his weapons for uniform coverage of the maximum circle

of aircraft. In some cases (few aircraft at early weapon arrival times), this

assumption is modified to allow computation of S i by assuming instead that the

aircraft are uniformly distributed throughout an annulus. In this way, a lower
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computed Sij results and more realistic expected kills result. Of course, if

the aircraft do not disperse in a circular pattern, and the attacker were to be

granted advance knowledge of these flyout tactics, a greater expected kill would
result since the weapons have a smaller area to attack.

Assumption: The aircraft radially emanate from a point called the centroid

of the aircraft which, for a given flyout profile and turn geometry, may be

determined. The distance of the cc roid from brake release point is a param-

eter which may be input for each ba-., it is based on the distance the aircraft
flies without turning while raising its gear, climbing to turn altitude, etc.

Assumption: In the computation of Sij, the detonation point of the weacon
is at one of several places, as described in another portion of this report.

The assumption of detonation point is such as to be in agreement wvith the

uniform-attack-of-the-aircraft-area assumption, with a modification of the
location (1) when protrusion of the lethal area beyond the maximum circle occurs,

(2) when an annular Pk computation yields a better estimate of S i, or (3) when

a weapon on the centroid kills all aircraft of a single type. In this way, some
pains are taken to compute S.. based on a reasonable estimate of the weapon

13
location, without knowledge of where other weapons are allocated.

Assumption: When multiple aircraft types are included in the model, all

aircraft radially emanate from a single centroid and weapons are patterned to

attack uniformly the area of all aircraft types. Point values of aircraft of
different types may make some bases more attractive than others; but on those

bases, the attack is assumed to be uniform.
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SECTION VI

LAGRANGE MULTIPLIERS IN THE MIXED FORCE ALLOCATION PROBLEM

When more than one type of aricraft may be leaving each base, the problem

ot determining the optimal missile laydown is more complicated than the pre-

viously described model. For purposes of explanation, the following will assume

two aircraft types, bombers and tankers, indicated by B and T subscripts,

respectively. However, the procedures are general for any number of aircraft

types. The objective to be maximized in the mixed force allocation problem is

- rIL ni . L nlj
f(nij) M iB S nSijB L V iT S.. (27)

i [l S j i Vl j=l

with the 3ame stockpile constraints

M
n.. = N., i = 1, 2, ... , L

j=l j= i£ jThe function f(nij) is now the expected kill value of both bombers and tankers

with a sum over the target index i for each type of aircraft. The values of

the bombers and tankers, respectively, leaving base i are ViB and ViT, where

each type aircraft may be worth a different amount of value per aircraft. The

survivabilities SiiB and SijT of the bombers and tankers, respectively, of

target i from a weapon in group j, must be computed slightly differently than

the previous S

Since the types of aircraft may have different themal and overpressure

hardness levels, there is a circle/petal combination for each aircraft type at

a single weapon d'conation point. Using the same notations as before, with the

additional B (bomber) and T (tankers) subscripts (following the slashes), the

following formulas for Pk/B and Pk/T are used for the computation of bomber and

tanker P

In the mixed force allocation problem, it will be assumed that the SLBMs are

aimed uniformly at the entire area of all aircraft (of all types). When the

geometry is such that the tankers are within the bombers, as shown in figure 13,
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Figure 13. Bomber/Tanker Mix

the Pk/T may be approximated by the product of (1) the probability that a random

placement within the bomber circle lands within the tanker circle, and (2) the

probability of kill of a tanker given that the weapon detonates within the

tanker circle. If AL/T represents the lethal area of the SLBM against tankers,

the product is

NR . AL/TL_ AL/T (28)
Pk/T IIR2 TIR2  11R2

6 T B

where overlap of the lethal area over the circle of radius RT has been ignored.

Thus, for these assumptions and approximrtions, Pk/T is independent of RT.

Should the bombers be within the tankers,

P -AL/B (29)SPk/B- 2R

1nRj

so the maximum radius always appears in the denominator.
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For the mixed aircraft model, let Ri and RN represent the radial distances

of the most and least distant aircraft, respectively, from the single centroid

(the same point for all aircraft types) at the time of weapon arrival. The

subscript VAX means the largest for all aircraft types, and other notations are

analogous to those used in the discussion of the single type aircraft model.

A. If

R, . RLR/MAX [for 0] (30)

then

Pk/ min 2) (31)n(Ri2- RN2)

and

n R2\(2
asumn that 'i(R 12 2) N32

assuming that the weapon detonates at the centroid.

B. If

-R, > R [for 0].R LR/MAX[fr]

and

+ RLRIMAX [for RI,/2] . (33)

so that neither circle/petal lethal area protrudes beyond R1, then

'IAL/T [for Rj/V•"]

(1) Pk/T = min ,(34) T1 R12

a1 AL/B [for R f/vT]

Pk/B min (35)SR2
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if either

ALAN/T [for (R1 + RN)/21 AL/T [for R1 /4'-]

-i (R 2 RN 2) (36)

or

ALAN/B [for (R1 + RN)/2] AL/B [for R1/IV]
12>\2(37)

lkR12 - RN2) H(i

Otherwise,

ALAN/T [for (R1 + RN)/2]

k/T TIR 1
2 - R N2)

and

ALAN/B [for (R1 + RN)/2]

P k/B R (RI R 2) (39)

In words, if the annulus Pk computations in equation (38) above are both
smaller than their corresponding circular Pk computations in equation (34),
then the annulus P formulas are used for all aircraft types. Otherwise, the

formulas in equation (34) are used.

C. Finally, if either circle/petal protrudes when positioned at RI/VT-
the weapon is moved toward the centroid as before and

AL/T [tcr RI - RLR/MAix [for R1/v1•'2

(1) Pk/T = 2 (40)
r, R 1

ind

AL/B [for R1 - RLR/MAX [for R,/ 2]1

Pk/B = 2

if either
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ALANT [for (R, + RN)/2] AL/T [for R1 - RLRMAX [for R1,/V211
2)> (42)

11R'- RN) H R12

:• ) oror LAN/B [for (R,+ RN)/2] AL/T [for R,- RRIV7[f

S; > (43)

"fl(R12 RN2) 
R 2

"N 1

Other'wi se,r
Ihi./T [for (RI + RN/2]

(2) P k/T " (R12 - RN2 ) (44)

A LAN/B [for (Ri + RN)/2]

P! =(R 12 2 (45)

It should be noted that these formulas have been written in a slightly different

form to ensure that the Pk computations for different aircraft types are all

based on the same placement of the weapon.

The survivabilities are simply

SijB =1 - Pk/B * (reliability of weapon in group j)

SijT I - Pk/T * (reliibility of wdeapon in group j)

The technique for solution 3f the constrained maximization problem for the

nixed aircraft force is very similar to the techniques for the previous model.

The Lagrangian function for the new objective function f(nij) is

htnij' xi)=f(ni ) +j=1- j nij -N (46)

Setting the partial derivatives equal to zero, as before, yields

anktktB + kX T+ 0

k = 1, 2, ... , M; x. 1, 2, ... , L (47)
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where

v -n s n kjL n
X 1 VkB (R 'k9B, ' kj3 (48)

and
-V IL nkj

kzT- kT _ n S kT) jlkit (49)

For the mixed aircraft model, the new definition of xkz is

X k = XkiB + XkUT (50)

or in the case of more than two aircraft types, X k would be the sum of the

lambdas corresponding to each aircraft type. Fixing z and letting k vary

results in the system of equations

XkR= z,' k = 1, 2, ... , M

which has the same appearance as in the single aircraft model, althouqh XkYk is

differently defined.

The iterative procedure is again based on finding X < ;'.,nM with nk_ ?,.G.0001,

and choosing An so that the new values of x and )izl say, 'k E and 5mz, become

equal. This value of An is the root of

g(An) = m"'k- ME

= XktB + XkJT- XmWB- XmzT

, -An A SkT-An A+An +An-= S:<B AkLB + kT )ktT - Sm•. Xm,.B - SmLT )k• (51)

The root of An* of g(mi) is found by Newton's successive approximation method,

where

g(Ahni)

Ani+ 1 = i g,(Ani ) , = 1, 2 (52)

48



r AFWL-TR-73-242

In QUANTO, when IAni+1 - Ani l < e (the same tolerance used in the test for
convergence of Xki and Xmm), An* is set equal to Ani+,. This iterative formula

may diverge (as tested by IAni+ll .230 in QUANTO) fop a given selection of An 0
Convergence is attempted for An selections of n 0, and nk / 2 , successively,

until the iteration successively converges. If the root An* > nkZ, An is chosen
•, as nki; i.e.,

An = min {An*, nkx} (53)

so as to keep (nki - An) nonnegative.

This choice of An results in the maximum increase in the expected kill. The
proof of this statement is quite similar to the analogous proof in the single

aircraft case. If the kill contribution to the objective function f(nij) from

targets k and m after An weapons are moved from target k to target m is indicated
as r(An), then the unconstrained maximum of r(An) occurs where r'(An) = 0. But

this is at An*, the root of y(An), since

r'(An) = -g(An) (54)

The maximum of r(An), constrained by 0 :!. An < nkZ, occurs at An = nki if An* >

n k•, since

r'(0) = Imk - Xkz > 0

and

r" = -g'(An) _. 0

The "terative procedure for the mixed aircraft model is exactly the same as that

for the single aircraft model, with the exception of the new definition of Xk,
and the Newton procedure for finding An*. The submarine relocation procedure is

also based on the new xk, A ktB + kAT

The beddown optimization procedure is slightly changed -n that each beddown
change simultaneously moves some of each type of aircraft. Thus, for bombers,

the value

/L n. L nk~
SAVB = VkB*kjll SmjB jrl SKiB, (55)
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is shifted from base k to base m where these bases have, respectively, the

lowest and highest survivability products

L nij
Sj=l ijB

but only those bases k for which V > 0.0001 compete for the lowest product.
The value of tankers shifted, AV (computed like 0,B, replacing "B" subscripts

with "T" subscripts) depends on the tanker survivabilities SijT and values ViT,

and thus, bomber and tanker relocations may involve different pairs of bases.
The beddown optimization stops when the total number of aircraft (of all types)

to be moved in a single beddown change is less than 0.05.
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SECTION VII

BENEFITS AND FUTURE USES OF QUANTO

QUANTO was developed to investigate the sensitivity of total bomber force

survivability to variations in thermal and overpressure hardness. In the process

of this development, numerous other parameters have been included as variables

in the model. Consequently, the model is useful for evaluating the sensitivity

of surviving aircraft to changes in aircraft beddown and flight profiles, numbers

and types of submarines or missiles, SLBM performance characteristics, and reac-

tion times, as well as aircraft hardness. Alternative missile laydowns, sub-
marine locations, and aircraft beddowns may be compared and evaluated using

QUANTO to compute expected kills. Contractual studies may be evaluated for

validity and contrasted with QUANTO to aid in understanding their results. In-

house and intra-AF investigations are facilitated by the availability of QUANTO.

QUANTO has a great deal of clexibility. It is relatively fast and easy to

use compared to other flush models. A.; optimal laydown may be computed in I to
3 minutes of computer time, submarines may be optimized in about 5 minutes, and

optimal beddowns require up to 10 minutes, where these times are largely depend-
ert on the quality of the selection of initial laydowns, submarine positions,

and beddowns. Each weapon is considered a separate entity, not as a member of

one of a fixed set of predefined patterns. In addition, QUANTO permits multiple

types of aircraft and SLBMs, each with its own performance characteristi(.. The

modular construction of QUANTO permits investigation of selective changes in the

assumptions upon which the model is based, with selective program changes.

The projected future uses of QUANTO include the evaluation of other models

and results of flush studies, studies of the effects of parametric variations

Gn the survivability of a mixed force, and in-house experimentation and

sensitivity analysis.
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APPENDIX I

APPLICATIONS OF LAGRANGE MULTIPLIERS

The Basic Problem

The computer program called QUANTO uses the Lagrange multiplier method to

optimize the allocation of weapons. This appendix is provided to introduce the

reader to the basic fundamentals of the technique.

The problem:

Maximize f(x 1 , x2 , *..., Xn)

Subject to gj ,(x x2 , ".., )Xn) bj. j 1, 2 , ... m; m < n

Lagrange method:

Form the function:

h 19, X29 ... 9 Xn, Al, A2' ... 9m) f x19 x2' ...' Xn)

j=l

where the A are constants (known as Lanra,,ge multipliers) as yet to be deter-

mined in value. Note that when the constraints are satisfied, h is formed

merely by adding multipliers of zeros to f. Now treat xi, i 1, 2, ... , n, as

independent variables, and write down the conditions

ah 0
axI

ah=0
ax

2

ah =0 0

13X
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SV •h -

~0

2

Constraint
Equations

• •m

Solving the (n + m) equations for the xi and x. will yield the critical points

of f.

EXAMPLE 1:

Minimize f(x,y,z) =x2 + y 2 + z2

subject to the conaition that (x,y,z) is on the plane

S = J(x,y,z): 2x + 3y - z- 1 = O0

First introduce the new variable x to form

F(x,y,z,x) = (x2 + y 2 + z2 ) + x(2x + 3y - z - 1)

Now compute Fx, Fy, Fz, and F

Fx = 2x + 2x = 0

F 2y + 3A =Fy

Fz = 2z - =0

Fx = 2x + 3y - z - 1 = 0

These equations yield

X=1 3 Z I1T x= , = T, z=- , 1 7

The solution satisfies F. = 0 and is, therefore, on the plane

2x + 3y - z - 1 + 0
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EXAMPLE 2:

Maximize f(A,B) = 6A + 2B + AB -A 2 - 2B2 + 5

subject to p(A,B) = 2A - 8 = 8

Solve by finding the (local) optimum of

h(A,B,A) = f(A,B) + A[p(AB) - 8]

= 6A + 2B + AB - A2 - 2B2 + 5 + • (2A - B - 8)

Set partial derivatives to zero.

S= 6 + B - 2A + 2x = 0

a- = 2 + A - 4B - = 0

ah = 2A- B-8= 0

Solving yields

A 33

87-

B= 10

Thus

f (L3, .10. 16.5714
7 7

Writing the constraint equatioi as 2A - B = 6 g-ves

ah_
r6

One can then see that increasing 6 has the effect of decreasing h (and, there-

fore, f) at the rate of -1 unit of f per unit of 6. Indeed, regardless of what

h looks like, if the constraint is written as p = 6, then a- will always

equal -x.

Examples one and two are both performed in the same manner even though one is

a maximum and the other is a minimization problem. The manner in which one would
differentiate between which has occurred is by calculating the Hessian matrix.
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APPENDIX II

4 QUANTO'S ITERATIVE PROCEDURE

Three Examples

This appendix is provided for the reader to become acquainted iith the types

of problems solved by QUANTO. The three examples serve to illustrate the three

basic options available to the using organization. The type problems addressed

are

1. Optimize nij

Given: three targets

three weapon groups

2. Optimize aircraft beddown

Given: bomber/tanker mix

ten tankers

seven bombers

3. Optimize submarine locations

In cases 1 and 3 the optimal n is found prior to the optimization of the

aircraft beddown or- submarine locations.

EXAMPLE 1

Suppose L = 3, M = 3, i.e., there are three targets and three weapon groups.

Let the number of weapons in each group be N1 = 4, N2 = 3, N3 = 7 and suppose

10.8 0.7 0.9I UI I

S11 0.6 0.5 0.7

l.2 0.1 0.3
LAl

This matrix represents the survival probabilities of target i from one weapon in

group j, e.g., the survival probability of target 2 from a single weapon in
group 2 is 0.5. Let V1, V21 V3 = 10, 5, 2, respectively. As the first step, an

arbit;ary allocation is formed, and suppose we choose
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2 2 31
1 21

1 0 2

where, for example, it was decided to send three weapons from the 7 in group 3

to target 1. The X matrix for this (nij) is

M 3 n1j 3 11 13 n-V tn Sl 11l Sj -V tn S2 jrl Sj -V ~n S13j

1 j1 =l ij 2j =1ISItnS1 j=l i

3 n. 3 n21 3 n.
-V2 Zn S21  n s2j "V2 n S22 r- S2 j -V.2n S23 j= 2

j=1 j=1 l 2 23

3 n3j 3 n3i -V 3 n3j
""V3n S31 3 J -V 3 tn S32 II Sj 3V3nn S 33 s 3

j=1 j=1 j=1

and the numbers compute to be

0.51 0.82 0.24

QX)ij =F0;.8 0.51 0.2

SLO.06 0.08 0.o

The smaller V's associated with target 3 indicate that weapons have been over

allocated there. Starting with column 1, i.e., the weapons in group one,

X31 < "21

so that

/n10. 06)
&n =0.88

Zn (0.6)(0.2)

This adjustment of weapons from target 3 to target 2 will increase the objective

function, and will equate x31 and A21. The new (ni) is
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[2.00 2 3

1nij 2¶.8
SLO. 12 0o-

and

0.51 0.82 0.24

(xij) 024 0.32 0.171
0.24 0.34 0.18

Since

•22 < 12

0.32tn
An : 0.88

Zn [(0.7) (0.5)]

and

2.00 2.88 3

. ( :j• 1.88 0.12 2

0.12 0.00 2

and

0.37 0.60 0.17]

(A 3 0.44 0.60 0.31

0.24 0.34 0.18

Continuing in this manner, the Lagrange multipliers Xi. corresponding to positive

n will converge to the unique A for each weapon group t. The final Lagrange

multiplier matrix is
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V0.34 0.55 0.16

0.3 0.46 0.241
0.32 0.45 0.24

which arises from the optimal allocation

14 3 01

0 2

which will give an expect,,d target value return of 14.6 out of 17, the largest

possible. This procedure 's easily programmable. For very large matrixes (on

the order of several thousand targets) there are more efficient procedures to

adjust the multipliers by examing the convergence rates. For smaller cases on

the order o,' a few hundred targets and weapons, the method abovb should not

involve excessive computer time.

EXAMPLE 2

Suppose there are ten tankers and seven bombers, with a bomber twice the

value of.a tanker, bedded down as follows:

ViB = ViT ]

and suppose further that N, = 4, N2 = 3, N3 = 7 with

S0.8 0.7 0.9 0.7 0.6 0.8

S i0.6 0.5 0.7 Sij 0.5 0.4 0.6

SSijB ijT
0 J.3 0.3 0.4 0.2 0.1 0.3

where the Sij's are determined by SLBM yield, reliability, trajectory, "nd air-

craft vulnerability, takeoff profi'le and sequence. We start by making an

initial ,guess at the allocation of SLBMs to bases as follows:
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S 2 2 3"

n = 1 1 2]

1 0 2

Recalling that

n
AIjB = ViB (Zýn 'ijB) 'iB

and

n,..

I ijT = -ViT (In ST Sij n j

X ij = XijB +ijT

0.408 0.652 0.193

SijT 0.300 0.407 0.2101L0.116 0.155 0.088J

0.161 0.231 0.101

XAijT = 0.200 0.264 0.147

0.029 0.041 0.022

0.569 0.883 0.294

= . 0.500 0.671 0.357

0.145 0.196 0.110

We operate on this matrix column by column, choosing first the column having the

largest, difference in A's. In column 2, x 1 2 -X3 2 represents this largest differ-

ence. The procedure requires a certain part of the weapons in group 2 to be

moved from target 3 to target 1, since x3 2 < X1 2 . Since, however, there are no

weapons in group 2 allocated to target 3 by our first (nij) guess, we need to

look further. The next largest difference is XW- 3 1 , and we move An weapons in

group 1 from target 3 to target 1, where an is a root of
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-AnflS -An +Anl +•nl

g(An) S S11B AB + S11B X1T - 31B A31B " S3 1T + 31T

This equation is solved by use of the Newton successive approximation method of
root finding, 4here

Ak+l =Ank g' (Ank)

and in

(0 .8)-An( 0 . 4 08 )+( 0 . 7 )-An( 0 . 1 61 )-(0.3)An( 0. 1 16 )-(0.2)An( 0 . 0 2 9 ) = 0

An = 0.88

Since g'(An) > 0 for tr >z 0, g(An) has a unique solution. Therefore, our new

allocation is

2.88 23

nij) 1.00 1 2

LO. 12 0 2_1
and the new X.i matrix is13

0.453 0.705 0.232

ij = .500 0.671 0.357

0.453 0.617 0.343

Notice that our choice of A,, forces x 1 1 X31 ' which in turn increases the value

killed by the SLBM attack. This procedure is repeated until the differences in

the V's become very small, or it becomes impossib't to increase bj shifting

weapons. After six itei.tions, the final allocation is

33 1

(nij) 1

LO0 2j J'-

61,4



AFWL-TR-73-242

and the value destroyed is about 21.3 out of the total 24. The bombers killed

turn out to be 5.9 out of 7 and tankers 9.4 out of 10. An important question
is: can the bombers and tankers be bedded down so as to decrease the number of

kills to a minimum? As shown before, the minimum damage that can be inflicted

by the SI BM attack occurs when the

L ni.
IT. SiB , ,.. N

j=l ijB

are equal and when

L n1.jIl nijT i = 1, ... ,N
r Si3 N
jTl

are equal. ', he above example,

ni'..

ijB

are 0.17, 0.13, 0.12 and
n..

i SijT ij

are 0.07, 0.05, 0.06. These numbers indicate that the beddown is already a

good one, and could only be slightly improved. Once the given nlj matrix is in

its final form, in this case with the xij matrix converged to a tolerance of

('.001, the bombers and tankers can be shifted according to the formula

V L nmj - L nki )Smj j=l

applied to bomber and tanker values independently. With the given initial

bomber and tanker values and a converged ni matrix (after 17 iterations)

3.2649 3.0 0.0 ]
0.7351 0.0 4.6912

[.0 0.0 2.3088]
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the products

L n..
1n S.

j=l Sij

can be formed for each aircraft. Since there are three targets in this example,

there are three resultant products. These are

(1) 0.1655 0.0674

(2) 0.1289 0.0547(3) 0O.12061 LO.O621.j

Bombers Tankers

In computing the values to shift, AV, for each aircraft, the smallest product

(where a value is present) is subtracted from the largest one and the difference

is multiplied by the value on the target corresponding to the smallest product.

This is the portion of value to be subtracted from the total value corresponding

to the largest product. For example, for bombers, the difference in maximum and

minimum product values is

0.1655 - 0.1206 = 0.0449

which when multiplied by the value corresponding to the lower product gives

AV = 0.0449 x 2 = 0.0898

Thus, the new bomber value matrix becomes

8.0898

V iB = 4.0000

[191021

By a similar process, the new tanker matrix becomes

[5.0508

= 3.9492

iTi[1. oo0oj
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With these values, the laydown is again optimized. By moving the appropriate

AV values iteratively from lower to higher II S.. J, we obtain the following
beddown.

[12] [ci
ViB = ViT 6

1 LU
The new allocation of SLBMs changes only slightly as follows

ni = 0 5

0 0 2

and similarly the number of kills decreases only slightly to 5.9 out of 7 bombers

and 9.3 out of 10 tankers, for a total value destroyed of 21.2. Note that

although the SLBM allocation and total SLBM strike effectiveness changed very

little, the beddown, in comparison, changed considerably. Hence, within the

context of random events (i.e., SLBM reliabilities, CEPs, etc.) precipitating

uncertainties as to exact numbers of bombers killed, taie beddown problem does not

appear to lend itself to a unique solution. Also, note that the bomber to tankt-:

value ratio of 2:1 was taken as fixed for all bases; however, this value ratio

can be varied from base to base. Also, note that by inserting zeros in the

appropriate locations of the S.i matrixes, we can effectively enforce the con-

straints of not permitting tankers or bombers to be based at particular locations.

EXAMPLE 3

This example demonstrates the capabilities of QUANTO on a small hypothetical

pToblem which resembles those actually run with QUANTO. The input deck for this

problem is listed in fiqure 14, in the format described in the user documentation

of QUANTO. The discussion presented here will be in the form of a guide to

reading the output, most of which is shown in appendix III.

The first two lines of output serve to uniquely identify the run and give

basic problem data. Both the beddown and the submarine locations appear on the

first page of output. Targets I to 4 are located at points in Colorado, North
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4 3 1 2 1 2 2 2 1 3
38.25 103.25 0.0 2 15.0S~111111111111111
48.25 97.50 5.5 1 15.0

1!2.85 91.40 0.0 2 15.0

35.7 85.90 5.5 1 5.0
11111

1.0 4.5 1.5 60
*1667 .083.33

36.75 74.0 1 2 1
28.05 93.45 2 2 1
45.65 126.05 2 2 1

.25 .9 .95 .95 300.0 2000.0 1500.0
14 4.3750 310.0 5.3190 520.0 6o430 810.0
7.5417 1130.0 8.6528 1475.0 9.7639 1765.0

10.8750 2050.0 11.9861 2310.0 13.0972 2530.0
14.2083 2740.0 15.3195 2930.0 16.4305 3110.0
17.5417 3260.0 17.9861 3290.0

5000.0 2500.0
20 PHANTOM PROBLEM PROFILE

0.0 0.0 000
2000.0 20.0 9.0 .1406
3900.0 30.0 30.0 .1406
6200.0 40.0 92.0 .1946
9500.0 50.0 360.0 .2538

13400.0 60.0 500.0 -3154
15600.0 66.0 500.01 .3549
17300.0 68.0 500.02 .3672
17900.0 69.0 500.03 .3734
18200.0 71.o 500.04 .3863
22750.0 7#.0 500.05 .4355
26800.0 86.0 500.06 .4620
33000.0 94.0 500.07 .5636
37000.0 101.0 500.*0 .5955
44000.0 109.0 500.09 .6379
49750.0 117.0 500.10 .6617
55900.0 125.0 500.11 .6865
61000.0 12.0 1425.0 .7037
68000.0 140.0 3950.0 .7275
75500.0 14s.0 5000.0 .7312 6.2
7600.0 .849 60.0 10.0

0.0 1.0 0.3 10. 5.0 10000.0

001 20 100 .0001
2 2
3 2
1 42 2

3 3
0000000000000000000000

Figure 14. Sample Input Deck
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Dakota, Iowa, and Tennessee and the submarine locations are about 100 nm off

the coasts of Virginia, Louisiana, and Oregon. The targets are distinguished

not only by their distances from the submarines but by the number of aircraft

and the distances (in nm) to the centroid of the aircraft flyout pattern (a

S function of the numbers of runways). Note that aircraft can take off with small

intervals from bases with dual runways. The missile parameters and trajectory

data are given on pages 71 and 72 of appendix III. ?age 73 lists the input

aircraft flyout profile data and pages 74, 75, and 76 show the profile generated

by QUANTO with the aircraft leveled-off at 5000 feet. The bottoms of pages 77

and 78 show the lethal radii and time of (overpressure) shock arrival for the

aircraft of hardness indicated on page 71, along with other standard output from

the nuclear effects routines.

*: A table of lethal areas (as a function of the distance Q of the detonation

from the centroid) is then built as each change of distance to centroid (DSPT)

is encountered in the target list. When the aircraft has not reached its

terminal altitude (at d4stance DISMIN), new lethal radii are obtained based on

the actual aircraft altitude after it has traveled a distanc2 (Q + DSPT) from

the centroid, as shown for two such values of Q on pages 79 to 82 and 85 to 88.

O.casionally, a value of Q results in a geometry of lethal area in which the

boundaries of the overpressure and thermal kill regions have multiple intersec-

tions. When this occurs, approximately two pages of indicators are output to

enable a detailed study of this geometry. Mhis output may be ignored on produc-
tion runs. Lethal area tables appear on pages 83 and 89 of appendix III.

The lethal areas of SLBMs are based on assumed detonation points on each

target, dependent on where the aircraft are at time of weapon ar-ival. Dis-

tances and missile flight times from submarines to targets and samples of the

computed aircraft locations appear on pages 84 and 90 to 92. Note that weapons

are numbered sequentially through the salvos of each submarine location, but

only the first SLBM of each submarine's two salvos appears in this output in

order to reduce the quantity of printout while providing enough information to

indicate when each SLBM arrives on each target. Note also that the annulus Pk

line is only printed occasionally; this is because it is not computed in

instances in which the program knows beforehand that the circular Pk will be the

smaller of the two Pks. The computed Sij values are listed on page 93 where i

is the target number and j is the weapon number, but one row of output contains

only the Sij corresponding to SLBMs from a single submarine location.
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The chart at the top of page 94 lists the base-by-base kill resulting from

the input laydown (prior to optimization). Since each aircraft is worth one

to the optimal laydown (nij values) prcduces the output on pages 94 to 109, where

the long form of the output has been requested to show each An value, the

expected kill after each shift of An, and the allocation and multipliers X

after each convergence to the tolerances e = 0.1, 0.01, 0.001, and 0.0001. The

best nonintegral laydown appears on page 107, listed by target and then by sub-

marine and salvo. The expected kill increased from 14.9765 to 19.7147 (out of

a total of 50) aircraft during the convergence. Target-by-target kills and

weapons allocated (if n.i are rounded off) appear on page 108.

Optimization of submarine positioning has been requested in this example,
and occurs prior to the requested beddown optimization. The first submarine

move is indicated on page 110 and the resultant positions of all submarines
appear on page I11 following the initial allocation (prior to convergence again).

The convergence to the best laydown with the submarines in their new positions

follows with the resultant kill shown on page 134. The first submarine move
improved the kill (after convergence) from 19.7147 to 20.8742. The second sub-

marine move is shown on pages 136 and 137. A summary of the submarine optimiza-

tion appears below.

After Submarine Converged
Move No. Expected Kill Page

0 19.7147 108

1 20.8742 134

2 21.2415 139

3 20.8742 144

After the third submarine move, the expected kill decreased slightly so the

submarines are fixed (2 at point 1, 2 at point 2, and 1 at point 3) and beddown

optimization begins with the first shift of aircraft on pages 145 and 146. Con-

vergence to the optimal laydown follows each beddown change and is summarized

on the following page.

"A
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After Value Converged
Shift No. Expected Kill Page

0 20.8742 144

1 18.7694 148

2 16.8932 152

3 16.8171 156

4 16.5884 160
5 16.5863 164

Since the sixth value shift was to be a shift of less than 0.05 aircraft

(see page 165 of appendix III), the beddown optimization was terminated. The

problem is terminated by integerizing both the laydown and the beddown. The

expected kill tends to decrease due to the laydown integerization and increase
due to the beddown integerization. The resultant expected kill following both

integerizations is 16.4428. The inteqral laydown appears on page 166 and the

base-by-base kills and integral beddown appear on page 167.

In analyzing the output, a table of distances from submarine locations to

targets is useful. These distances, to the nearest nautical mile, appear below

and on pages 84 and 90 to 92.

Submarine
Location 1 2 3

Target 1 1391 785 1107

2 1241 1228 1174

3 881 895 1489

4 580 589 1902

L

The optimal laydown from the initial positioning of submarines appears on pages

107 and 108. It is interesting to note that the submarine at location 1 allo-

cated its missiles to target 3, leaving target 4 to the submarines at location

2. Target 2 drew the most weapons even though it could not be hit as soon as

the other targets. This was probably because target two's 15 aircraft departed

from a single runway, and, therefore, were dispersing from a point 5.5 nm, in
this case, from the brake release point. Dual runways permit more immediate

dispersal since the aircraft can take off in opposite directions.
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The optimization of the submarine positions resulted in only one submarine
at location 3, even though this location had the best shot at target 2.

During the beddown optimization, the proximity of target 4 to the submarines
at locations 1 and 2 made target 4 unattractive for bedding down aircraft (see
page 167 of appendix III). The greater distance from the coast outweighed the
advantages of dual runways (i.e., immediate dispersal due to aircraft taking off
in opposite directions) making target 2 the most attractive, although targets 1
ind 3 also drew a substantial number of aircraft. In this case, many aircraft
would be left on the base when SLBMs arrive, as is clear from page 91 of appendix
III which shows a zero inner annulus radius when weapons arrive, even when target
2 had only 15 aircraft. Consequently, it appears that too many aircraft are
present to justify the assumption of uniform aircraft distribution, and the kills

on target 2 could be underestimated by QUANTO.
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APPENDIX III

QUANTO'S OUTPUT
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